J. P. Gollub and Michael H. Freilich
Physics DePa&ment, Have+os College, Have+os, Pennsylvania 19041 (Received 16 September 1974; revised manuscript received 19 November 1974) The Taylor instability in a rotating Quid confined between two cylinders has been investigated by light scattering. For rotation rates f asymptotically close to the critical rotation rate f, we find that the amplitude of the ordered flow varies as (f f ) 'I+ -3. The axial structure of the ordered flow is sinusoidal near f, but harmonics become substantial for f-f, large. The main features of the Landau approach to hydrodynamic instabilities are thus confirmed.
A number of recent papers' ' have discussed the behavior of fluids near hydrodynamic instabilities. One motivation for this work is the suggestive analogy between fluid instabilities and second-order phase transitions, both of which exhibit an order parameter that grows from zero in the neighborhood of a critical point. Another is the hope of understanding the transition to turbulence, which occurs by means of a succession of progressively more complicated instabilities. Most of the previous work has been concerned with the Rayleigh-Bd'nard or convective instability. %e have performed an experimental study of the Taylor instability~in a rotating fluid, and find excellent agreement with the Landau picture" of hydrodynamic instabilities. The Taylor instability occurs when a fluid is confined between an outer stationary cylinder and an inner rotating one. If the rotation rate f exceeds a critical value f, , the radial pressure gradient and the viscous forces are not sufficient to provide the required centripetal acceleration of the fluid, and a new flow pattern perturbs the z-independent Couette flow. Superimposed on the original azimuthal flow Ve(r), there is now (Fig.  1 small. If f is increased considerably beyond f, , there are further instabilities in which the vortices acquire circumferential waves, and eventually a transition to a turbulent state (nonperiodic in time) occurs. The first instability is the subject of this paper. According to the Landau theory' and subsequent work' one expects that just above f" the radial velocity should be of the form V"=A,(r, s) cos(k,z),
where e = (ff,)/f, and the amplitude A, varies as E"'. Fluctuations may influence this dependence" for e &10 ', but this region is probably not experimentally accessible. As c is increased higher harmonics should appear as a result of the the nonlinear terms in the Navier-Stokes equations, so that V"=Q,A, (r,~) cos(Pk, z).
The discussion above refers to the steady-state situation. The response time of the system when perturbed from equilibrium is expected to diverge as~-0+. The major new result of the present work is the measurement of A~(e) for p = 1, 2.
In order to study V"(r, z, e) we have utilized laser light (5 mW at 5145 A) scattered at an angle of 171' from the forward direction by a dilute suspension of 2-p, m polystyrene latex spheres in water, as shown in Fig. 1 . The scattered light was mixed with an unscattered but attenuated beam by use of a Michelson-like interferometer, and the power spectrum" of the photocurrent was obtained from a real-time spectrum analyzer. The power spectrum exhibits a peak approximately 200 Hz wide at a frequency in the range 0 to 10000 Hz. For our geometry the ratio of the local radial velocity to the mean frequency of the peak is 1.94&&10 ' cm sec 'Hz '. The scattering volume was experimentally determined to be about 1 mm long in the radial direction and 0.2 mm in the orthogonal directions.
The fIuid was contained between an inner black aluminum cylinder of radius 1.555 cm, and a pre- which the ratio R,/R, of radii either is -, or approaches unity. However, previous work" has established the correctness of theoretical predictions for f, and k, . ) The rotation rate was measured electronically to an accuracy of 0.02% and was constant to within 0.o4%. The z dependence of V"was studied halfway between the inner and outer cylinders by translating the apparatus with the optics unchanged. In Fig. 2 we present the results for a=0.014. The maximum value of V" is only 0.06VO, so that the periodic structure is a fairly small perturbation on the azimuthal flow. As predicted for small e, the flow is nearly sinusoidal. However, there is a small second-harmonic term, which can be detected by the difference in magnitude of the positive and negative peaks. The amplitudes of the fundamental and second-harmonic terms (obtained by computer Fourier analysis) are A, = 0.0155 cm/sec and A, = 0.0019 cm/sec, and the solid curve shows that these two terms alone produce an excellent fit, with a fundamental wave number k, =3.05 cm '. The product k]Rg is 7.75, which can be roughly compared to Chandrasekhar's prediction' k,R, =6.4 for the case R,/R, = &.
As e becomes larger, the second and higher harmonies increase in importance relative to the fundamental term, because of their dependence on higher powers of e. In Fig. 3 , we present V"(z) for~=0.465. Here the magnitude of V"has a higher and sharper peak in the outward flowing regions than in the inward flowing ones. We find that three terms are necessary to produce a fit to within the accuracy of the experiment, and the amplitudes are A, = 0. 1030 cm/sec, A, = 0.0356 cm/sec, and As=0. 0072 cm/sec, The wave number k, is 3.20 cm ', and is independent of e over the range 0&& &0.5 to within the precision of the measureinents (5'%%uo). The precision is limited by small thermally induced drifts in the flow pattern near~=0. The dependence of the Fourier coefficients Aõ n & is shown in Fig. 4 , Points marked by a cross were obtained by fixing the rotation rate, allowing the system to equilibrate (which required at least 15 min when e &0.01), measuring V"(z), and then performing a complete Fourier analysis. The first two amplitudes A, and A, can also be obtained from a simpler procedure, in which only the magnitudes P, and P of the positive and negative peaks in V"(z) at each value of e need be measured. We utilize the combinations (P, +P ) =A, +As+. . . and 2(P, -P ) =A2+A4+. . .
to accomplish this. The amplitude A, is at most 7% of A, in the range of interest, and can be removed as a small correction by using As(e) as obtained from Fig. 4 and other data. Removal of A4 is unnecessary, as it was found to be negligible over the range of~studied. Points for which A, and A, were obtained in this manner are indicated by dots in Fig. 4 . These points are consistent with those obtained by complete Fourier analysis of V"(z).
To test the prediction that A, varies as &"', a Dubois, ' who obtained P & 2 for the convective instability, may have been influenced by the second and higher harmonics, which were not measured in their experiments. Applying the same approach to A, (e), we found that A, = (0.063+ 0. 005)e'""" cm/sec represents the data quite well. In order to make sure that we were actually observing asymptotic behavior, we repeated the analysis after eliminating points for e&0. 1, and found the exponent to be 0.76 +0.06, unchanged except for a larger error. We have not considered As in detail because the data are at present insufficient for an accurate determination of the~dependence of A~.
Our results confirm the Landau approach to fluid behavior asymptotically near an instability leading to a spatially periodic but time-independent flow. In particular, a single spatial Fourier component dominates near the critical point, and its amplitude grows as e'". However, the exponent 0.77 + 0.03 of the second-harmonic term, which becomes important farther from the critical point, is not understood at the present time.
Hopefully this and other experiments will stimulate theoretical work aimed at understanding the nonasymptotic region.
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